Abstract. Let X be a smooth proper curve defined over a field k. The representability of the relative Picard functor is obstructed by a class α ∈ Br(Pic X/k ). We show the associated division algebra on Pic 0 X/k has natural involutions. We show the class α splits at some height one points in Pic X/k .
Introduction
Let k be a field, let X be a projective variety defined over k. Let M be the moduli space of stable sheaves on X with fixed rank and chern classes. The existence of tautological sheaves on X × k M is obstructed by a Brauer class α ∈ Br(M ), see [Cal00, I.3.3] .
Brauer classes over fields are uniquely represented by central division algebras. Algebraists are still working on their structure theory, and asked if certain examples exist, see [ABGV11] . It is interesting to check if the aforementioned Brauer classes, when restricted to the generic points of M , would provide some useful examples.
The coarsest invariants of a Brauer class are its period and index, this has been widely studied, for example see [ABGV11, 4] . In this paper, we study some slightly more refined properties of the aforementioned Brauer classes.
We focus on the simplest case: The variety X is a smooth proper curve. The moduli space M = Pic
In section 3, we study existence of involution on the division algebras:
Theorem. The division algebra representing α 0 has involutions of second kind that extends the natural involution on Pic 0 X/k .
In section 4, we probe the class α g−1 at the generic point of theta divisor Θ ⊂ Pic g−1 X/k :
Theorem. The Brauer class α g−1 ∈ Br(Pic g−1 X/k ) restricts to zero in Br(k(Θ)).
In section 5, we show similar result holds for the specialization of α 0 to generalized theta divisors Θ E ⊂ Pic 0 X/k , where E is a semi-stable vector bundle of rank 2 and slope g − 1 on X. We will work with universal genus g curves, so that Θ E is reduced irreducible.
Interesting questions rise in the study of the class α 0 . For example, note that the class α 0 is represented by an Azumaya algebra away from the identity section, hence it is an unramified Brauer class in Br(Pic 0 X/k ), one may ask:
Question. Does the division algebra of α 0 contain an Azumaya order?
Unramified division algebras without an Azumaya order has been constructed in [AW14] . It would be interesting to know if the class α 0 also provide such an example.
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Preliminaries
We recall some facts from [Bos90] . All curves are assumed to be geometrically integral.
2.1. The Picard scheme. Let k be a field, let X be a smooth proper curve defined over k. Consider the relative Picard functor P ′ X/k : Sch/k → Sets, T → Pic(X × k T )/pr * 2 Pic(T ). Let P X/k be theétale sheafification of P ′ X/k . The functor P X/k : (Sch/k)é t → Sets is represented by a group scheme Pic X/k = d∈Z Pic The representability of P X/k means there exists a tautological line bundle on X × k U , where U is someétale cover of Pic X/k . The representability of P ′ X/k means there exists a tautological line bundle on X × k Pic X/k (e.g. this is true when X has a k-rational point).
2.2. The Brauer class. Consider the Leray spectral sequence associated with the projection π : X × Pic X/k → Pic X/k , the low-degree terms fit into an exact sequence
The obstruction to the existence of a tautological line bundle on X × Pic X/k is given by a class
Let d be an integer. We denote the restriction of α to Pic 
Involution
Let k be a field, let G = Gal(k sep /k). Let X be a proper smooth genus g curve defined over k. There exists a natural involution σ : Pic 0 X/k → Pic 0 X/k induced by taking dual of line bundles. Let's denote the function field of Pic 0 X/k by K, and denote the induced involution on K still by σ. The obstruction class α 0 ∈ Br(Pic 0 X/k ) is uniquely represented by a division algebra D over K. We show D has involutions of second kind extending σ.
3.1. Involution of second kind. Let E be a field with a nontrivial involution ι. Let A be a central simple algebra defined over E. We say A has an involution of second kind extending ι, if there exists a ι-semilinear ring isomorphism ι : A ∼ = A opp , such that ι 2 = id A .
Lemma 3.1. The existence of involutions of second kind on a central simple algebra can be examined on any central simple algebra in the same Brauer class.
Proof. The existence of involutions on A extending σ can be characterized cohomologically by
3.2. The central simple algebras. Let's choose suitable central simple algebras that represent the classes α 0 and σ * (α 0 ). First, let's recall a useful lemma:
Proof. This is the Skolem-Noether lemma, see [GS17, 2.7.2] for proof.
Since X k sep has rational points, we know tautological line bundles exist on 
descends to the a Brauer-Severi variety over K that represents α 0 , see [Gir71, V.4.9] . By Lemma 3.2, we know Aut(P(V ∨ )) = Aut(End(V )). Thus the Brauer-Severi variety represents the same 1-cocycle as End(
Proof. By the previous lemma, we know σ
3.3.
Characterization by pairing. We show in our case, existence of involution can be implied by existence of certain pairing.
where V, V ′ are k ′ -vector spaces. Then there exist a natural isomorphism
Proof. By Hilbert 90, we know Isom(V,
Then we conclude from Lemma 3.2 and Galois descent.
Proposition 3.6. If there exists a σ-equivariant and G-equivariant bilinear mapping
then there exists a G-equivariant σ-linear isomorphism
Proof. As in Proposition 3.4, we take a
Consider the map s) ) . We check G-equivariance: For any g ∈ G, it acts on Q as g · Q : t → g(u(Φ(g −1 t, s))). This coincides with Q by the G-equivariance of Φ and u. The σ-linearity follows from the σ-equivariance of u and σ-linearity of Φ.
3.4. Existence of pairing. We show the G-invariant perfect pairing in the previous section indeed exists.
Lemma 3.7. Let k be an algebraically closed field. Let V 1 , V 2 , U be k-vector spaces. Let B : V 1 × V 2 → U be a bilinear pairing with no zero-divisors (i.e.
Proof. Since the bilinear pairing B has no zero-divisors, and k is algebraically closed, the pairing B induces a morphism β : P(V 1 ) × P(V 2 ) → P(U ). Finding an linear form σ, up to scaling, is equivalent to pin down a hyperplane H ⊂ P(U ). The pairing σ • B is perfect if and only if H does not contain β(t × P(V 2 )) for any t ∈ P(V 1 ).
be the incidence subvariety. Denote the two projections on P ∨ (U ) × P(V 1 ) by pr 1 and pr 2 . Let dim(U ) = n, dim(V i ) = m. Since β restricts to linear embedding in both family of fibers, we know pr 2 is a smooth fibration in
Any element in the non-empty set gives a hyperplane, whose induced pairing is perfect. Proof. Consider the natural bilinear map induced by taking tensor product of sections:
Geometrically, this pairing has no zero-divisors, since on an irreducible curve, product of nonzero rational functions is nonzero. By Lemma 3.7, geometrically, the perfect pairings form a non-empty Zariski open subset
Since K is an infinite field, we can always find a K-rational point in O. This K point yields a desired pairing. Then we conclude by Proposition 3.6 and Lemma 3.5.
Remark 3.9. Let X/k be a smooth genus g curve. Note that there also exists natural involution σ ′ on Pic
The same method shows that the class α g−1 has a natural involution of second kind extending σ ′ .
Specialization to Θ
Let k be a field, let X be a proper smooth genus g curve defined over k. We show the class α ∈ Br(Pic X/k ) splits at the generic point of the theta divisor Θ ⊂ Pic Let U be anétale cover of Pic
Consider the short exact sequence on X × k U :
Take direct image along π * , we get exact sequence of sheaves on U :
Let's denote π * L| ZU and R 1 π * (L(−Z U )) by F U and G U . By cohomology and base change [Mum08, Cor 5.2], we know F U , G U are locally free of rank 2g − 2, the subsheaf
2 The sequence ( * * ) is not the base change of ( * ) to the closed subscheme T U ⊂ U , because L is not cohomologically flat.
Here is a classical result:
Lemma 4.1. The coherent sheaf π ′ * L ′ is torsion free rank 1.
Proof. The sheaf is torsion free since it is a subsheaf of the locally free sheaf π ′ * (L ′ | Z ′ ). We check the connecting homomorphism δ ′ in ( * * ) has corank 1: Given a point t ∈ T U , if the corank of δ ′ | t is at least 2, then det(δ ′ t ) ⊂ m 2 t , thus t lies in non-regular locus of T U . But T U is reduced, so it is regular at the generic point.
Restriction to k(Θ).
Let k(Θ) be the function field of Θ. We show a tautological line bundle exist on X k(Θ) , so α g−1 | k(Θ) = 0. We start with a slight generalization of Brauer-Severi varieties.
Lemma 4.2. Let X be a scheme. Let h : U → X be anétale cover of X. Let U k be the k-th fiber product of U over X. Let U 2 pi → U , U 3 pij → U 2 and U 3 qi → U be projection maps. Let F be a coherent sheaf on U . Assume there exists a line bundle N ∈ Pic(U 2 ), such that there exists isomorphism φ :
13 φ, then the scheme a F :
Proof. Recall in general, given a scheme S, a line bundle L on S and a coherent sheaf F on S, there exists a unique isomorphism f :
In our case, the isomorphisms φ provide the covering datum P(φ), the isomorphism β provides descent datum for descending P ′ along U → X. Effectiveness of the descent datum follows from [Bos90, 6.1.7]. 
′ be the projections. Let t : P ′ × P P ′ → U × X U be the product of structure morphisms.
By assumption on F , we know φ induces an isomorphism t * φ : p 
The cocycle condition for ψ implies the cocycle condition for T ψ , hence s * G ⊗ r * O P ′ (−1) descends to P × X Y .
We come back to the situation in section 4.1. Recall we denoted the projection X × k T U → T U by π ′ , and denoted the restriction of
. By Lemma 4.2, the scheme T U → T U descends to a scheme T → T , along the covering T U → T . We have diagram
Proof. First we show the Brauer class restrict to zero in Br( T ). It suffices to show there exists a tautological line bundle on X × k T . We apply Lemma 4.2 and Lemma 4.3: Let h : T U → T be the covering map, let
is a tautological line bundle over X × k T U which descends to X × k T . Thus α g−1 maps to zero in Br( T ). Then note that π ′ * (L ′ ) has generic rank 1, the projectivization T → T is a birational map, so the Brauer class restricts to 0 in Br(k(Θ)).
Remark 4.5. It is not clear if the Brauer class α g−1 restricts to zero in Br(Θ).
Specialization to Θ E
Let X/k the universal genus g curve. Let E be a semi-stable vector bundle of rank 2 and slope g − 1 on X. We show the Brauer class α 0 splits at the generic point of generalized theta divisors Θ E ⊂ Pic 0 X/k . The proof will be the same as in the previous section, as long as we know Θ E is reduced 3 . 5.1. The universal curve. Let k 0 be a fixed field. Let g ≥ 3 be an integer. Let M g be the moduli stack of families of smooth genus g curves over k 0 . Let k be the function field of M g . Let X → M g be the universal family, we call its generic fiber X/k the universal genus g curve (for families of curves over k 0 ). We collect some facts:
Lemma 5.1. [Sch03, 5.1]The group Pic(X) is generated by ω X . Proof. Let D ∈ |ω X | be an effective canonical divisor, then D is a prime divisor, because Pic(X) = Z · ω X . Hence D is a finite integral scheme over Spec(k), and Γ(D, O D )/k is a degree 2g − 2 field extension.
, let uρ be the multiplication of ρ by u. Let (ρ, uρ) : ω X ⊕ ω X → O D be the sum of ρ and uρ. Let E u = Ker(ρ, uρ), then E u is a locally free rank 2 sheaf on X. It has degree 2g − 2 and slope g − 1. We calculate the slope of subsheaves and find suitable u such that E u is semi-stable.
Let L be a subsheaf of E u . As X is a smooth curve and E u is locally free, so is L.
, where Γ is the functor of taking global section on X. Thus, in order that E u is semistable, it suffices to pick u such that dim k (Im(Γ(ρ, uρ))) ≥ g + 1.
Consider the family of coherent sheaves E u parameterized by u, over the vector space Γ(D, O D ). Since rank is a lower semi-continuous function, the condition dim k (Im (Γ(ρ, uρ) 
As k is infinite, the k-points in k − {0}| dim k (Im(Γ(ρ, uρ))) ≥ g + 1} is nonempty. From now on, it is harmless to assume k is algebraically closed.
Let
We show there exists u = (λ i )
4 One check this explicitly, using autoduality of Pic
After rearranging the ordering of P i and replacing Ω i by suitable linear combinations, we may assume
2 L 1 −I is invertible. We are done if we know rank(A) ≥ 2. Consider the restriction maps:
Pi . Our assumption on M L means rank(A) = rank(Γ(φ)) and rank(Γ(ψ)) = g − 1.
Rank-nullity formula on Γ(φ) tells us
On the other hand, rank-nullity formula for Γ(ψ) implies that h 0 (ω X (− g−1 i=1 P i )) = 1. Note that this equals to h 0 (O X ( 2g−2 i=g P i )) = g − rank(A), as ω X = 2g−2 i=1 P i . Since g ≥ 3, we know rank(A) = g − 1 ≥ 2, .
5.3. The generalized theta divisor. Let E be a semi-stable sheaf on X obtained as in the last section. Let U → Pic 0 X/k be anétale cover, such that a tautological line bundle L exist on X × k U . Let m be a positive integer, and Z ∈ |mω X | be a reduced effective divisor. Let π : X × k U → U be the projection, let E U be the constant family. Let Z U = Z × k U . Take short exact sequence
By cohomology and base change, for m large enough, it induces a long exact sequence, such that the middle two terms are locally free of same rank:
Let η be the generic point of U . Since E is semi-stable and χ(E) = 0, by [Ray82, 1.6.2] we know h i (X η , E η ⊗ L η ) = 0. Thus π * (E U ⊗ L) = 0 and δ U is injection, its determinant cuts out a divisor in T U ⊂ U , which descends to the generalized theta divisor Θ E ⊂ P .
Restriction to k(Θ E ).
Lemma 5.4. The subscheme Θ E is reduced and irreducible.
Proof. By [Ray82, 1.8.1], the divisor Θ E is numerically equivalent to 2Θ. If Θ E is reducible or non-reduced, its reduced component will have numerical class Θ, which is not possible, by Lemma 5.2.
Theorem 5.5. The class α 0 ∈ Br(Pic 0 X/k ) restricts to zero in Br(k(Θ E )).
Proof. Restrict the exact sequence ( †) to X × T U . Denote the restriction of E U , L and Z U by E ′ , L ′ and Z ′ . Let π ′ : X × T U → T U be the projection. We have exact sequence
By the same proof in Lemma 4.1, the reducedness of Θ E implies the generic rank of π ′ * (E ′ ⊗ L ′ ) is 1. We then conclude as in Theorem 4.3.
